In this paper, we prove the existence of a flat cover and of a cotorsion envelope for any quasicoherent sheaf over a scheme (X, O X ). Indeed we prove something more general. We define what it is understood by the category of quasi-coherent R-modules, where R is a representation by rings of a quiver Q, and we prove the existence of a flat cover and a cotorsion envelope for quasi-coherent R-modules. Then we use the fact that the category of quasi-coherent sheaves on (X, O X ) is equivalent to the category of quasi-coherent R-modules for some Q and R to get our result.
Introduction
When Jinzhong Xu proved that modules over coordinate rings of algebraic varieties have flat covers [18] it became an intriguing question to know whether this result could be extended to algebraic varieties or more generally to schemes. So the question is whether flat covers exist in the category of quasi-coherent sheaves on a scheme. A positive answer allows one to construct flat resolutions of any sheaf in this category which is unique up to homotopy.
Recent developments allow us to prove that such covers do exist. First a result of Eklof and Trlifaj [7, Theorem 10] showed that all modules have flat covers essentially by showing that all modules have cotorsion preenvelopes and then using an argument of Salce [16, Lemma 2.2] to show that this implies modules have flat precovers. Since the existence of a flat precover implies the existence of a flat cover [8, Theorem 3.1] , this gives the result. We note that the Eklof-Trlifaj and the Salce results require the existence of enough projectives.
Even though in general there are not enough projectives in the category of sheaves on a ringed space, the category of presheaves does have enough projectives. So using sheafification it was shown in [11, Theorem 2.7] that the category of sheaves over a ringed space does have flat covers. In the category of quasi-coherent sheaves on a scheme we do not have available a notion of a quasi-coherent presheaf and an associated sheafification procedure. So we require a version of the Eklof-Trlifaj theorem which does not require enough projectives. This is supplied by "the small object argument" [13, Theorem 2.1.14]. The second ingredient of our proof is a bit of set theoretic algebra which can be considered a generalization of the following fact: given a ring R there is an infinite cardinal such that every R-module is the filtered union of pure submodules which are generated by elements. In [6, Lemma 2.1.7] there is a statement (without proof) of an analogous result of Gabber which says that given a scheme X there is an infinite cardinal such that every quasi-coherent sheaf on X is the filtered union of quasi-coherent subsheaves generated by elements. This gives that the abelian category of quasi-coherent sheaves has a generator (in the sense of Tôhoku, [12] ) and so that this category has enough injectives and even injective envelopes. We require an extension of Gabber's result which says that in fact we can choose so that every quasi-coherent sheaf on X is the filtered union of pure quasi-coherent subsheaves generated by -elements. This result along with the small object argument then gives that the category of quasi-coherent sheaves on any scheme has enough flat objects (i.e. has flat precovers) and then that it has flat covers.
Throughout the paper, unless otherwise specified, all rings considered will be nontrivial associative rings and all modules will be left modules.
Given a class of objects F in a Grothendieck category C, an F-precover of an object M is a morphism :
when f ∈ Hom(F, F ) implies that f is an automorphism, then is said to be an F-cover. F-preenvelopes and envelopes are defined dually.
A special F-precover (F-preenvelope) of M is defined as an epimorphism F → M (a monomorphism M → F ) in such a way that
It is clear then that special F-precovers and preenvelopes are indeed F-precovers and preenvelopes. If F is the class of flat objects (in whose case F ⊥ is known as the class of cotorsion objects) an F-(pre)cover (resp. an F ⊥ -(pre)envelope) is known as a flat (pre)cover (resp. a cotorsion (pre)envelope).
A category equivalent to Qco(X)
If X is a scheme and if Qco(X) is the category of quasi-coherent sheaves on X, we describe a category equivalent to Qco(X). Having this description in place will enable us (in the next sections) to argue that every object of Qco(X) is the desired filtered union of pure subobjects.
We first recall that a quiver Q is a directed graph. An edge of a quiver from a vertex v 1 to a vertex v 2 is denoted by a :
the symbol E will denote the set of edges. A quiver Q may be thought as a category in which the objects are the vertices of Q and the morphisms are the paths (a path is a sequence of edges) of Q. The set of all vertices will be denoted by V.
Let Q = (V , E) be a quiver and let R be a representation of Q in the category of rings, that is, for each vertex v ∈ V we have a ring R(v) and for an edge a : v → w we have a ring homomorphism R(a) :
We shall say that we have an R-module M when we have an
Let us call M quasi-coherent if for each edge a as above the morphism
The category of quasi-coherent R-modules is abelian when R is such that for an edge v → w, R(w) is a flat R(v)-module (so the kernel of a morphism between two quasicoherent R-modules is also quasi-coherent). In this case we say R is flat. Coproducts and colimits may be computed componentwise so direct limits are exact and, as a result of Proposition 3.3, we can find a system of generators in the category. Therefore, the category of quasi-coherent R-modules is indeed a Grothendieck category when R is flat. However, it does not in general have enough projectives (cf. [9, Corollary 2.3] ).
By the tensor product, M ⊗ R N, where M is a right R-module and N a left R-module, we mean the Z-module (Z(v) = Z, for all v ∈ V and Z(a) = id Z for all a ∈ E) such that
with (M ⊗ R N )(a) the obvious map. We then get the notion of a flat R-module (left or right).
Now consider the category of quasi-coherent sheaves on any scheme (X, O X ). It is easy to see that if U consists of all the affine open U ⊆ X, then a quasi-coherent sheaf over (X, O X ) (or with our notation a quasi-coherent O X -module) is uniquely determined by giving an O(U )-module M U for each U and a linear map
So we see that given (X, O X ), if we let Q = U where there is a unique edge U → V whenever V U and if we let R be such that R(U ) = O(U ), and let R(U ) → R(V ) be given by O(U ) → O(V ) when V ⊆ U , then if C is the category of quasicoherent R-modules it is easy to see that C and Qco(X) are equivalent categories, so Qco(X) is an abelian category closed under arbitrary direct sums and so under direct limits.
We note that with (X, O X ) as above it is not necessary to take Q to be all the open affine U ⊆ X. It suffices to have the U ∈ Q cover X and cover U ∩ V for any U, V ∈ Q.
For example if X = P 1 (k) (k a commutative ring) we can use the obvious affine open subsets and get the quiver • → • ← • and its representation
in the category of rings (see [9] for applications of the equivalence between the category of quasi-coherent R-modules and Qco(P 1 (k))). A similar description to this can be given for any quasi-compact, separated scheme, taking a covering by affine open subsets whose intersections are automatically affine. It is also important to remark that, in the previous description of Qco(X) in terms of a quiver, several nonisomorphic quivers may correspond to the same scheme and some quivers do not represent any scheme.
The fundamental lemma and its consequences
In this section, we prove the results concerning infinite cardinals mentioned in the introduction. We find it more convenient to use as a measure of the size of an object (rather than as the cardinality of a set of generators). It is easy to pass from one such formulation to the other.
We recall that an exact sequence of left A-modules (A is any associative ring)
is pure if for every right A-module D, the induced sequence
is still exact. A submodule N ⊆ M is pure if the induced sequence is pure. 
It is clear that |Y | , and if we take 
Proof.
Well order E. Then every segment of E has cardinality less than or equal to |E| (and so less than or equal to ) (i.e. if e ∈ E, |{e : e e}| |E|). We shall use transfinite induction on N × E (with the lexicographic order) to construct a family {Y (n,e) : (n, e) ∈ N × E} of R-modules over Q such that:
where e 0 is the least element of E.
for all (n, e) and all v.
We first construct Y (0,e 0 ) . Let e 0 : 
Y (n,e) (w) = ∪ (n ,e )<(n,e) Y (n ,e ) (w)
if w = v 1 , v 2 
. Note then that |Y (n,e) (w)|
, w = v 1 , v 2 by our induction hypothesis and by the condition imposed on the well-ordering of E.
By Lemma 3.1 we find Y (n,e) (v i ), i = 1, 2 such that
Y (n,e) (v 1 ) → Y (n,e) (v 2 ) is a quasi-coherent submodule of M(v 1 ) → M(v 2 ) with Y (n,e) (v i ) ⊆ M(v i ) pure for i = 1, 2
and such that ∪ (n ,e )<(n,e) Y (n ,e ) (v i ) ⊆ Y (n,e) (v i )
for i = 1, 2. Therefore, |Y (n,e) (v i )| for i = 1, 2 (we have | ∪ (n ,e )<(n,e) Y (n ,e ) (v i )| , i = 1, 2). Moreover, by proceeding in the same manner we did to get Y (0,e 0 ) , we can suppose Y (n,e n ) is an R-module, so we have constructed Y (n,e n ) with the previous assumptions.
If we finally let M (v) = ∪ (n,e)∈N×E Y (n,e) (v)
we see that each property of the proposition is satisfied by a cofinal set of Y (n,e) , so M satisfies every property. The same argument proves that M is indeed a quasi-coherent module. Finally
For the rest of the paper we will suppose that a quiver Q = (V , E) is fixed. So for a quasi-coherent R-module, we mean a quasi-coherent R-module over Q.
Definition 3.4. A quasi-coherent R-submodule M of an R-module M is said to be pure whenever M (v) is a pure R(v)-submodule of M(v), for every vertex v ∈ V .
From Proposition 3.3 we get as an immediate consequence a generalization of a result due to Gabber which can be found in [6, Lemma 2.
1.7]. We recall that a quasi-coherent R-module M is of type (for an infinite cardinal number), if the R(v)-module M(v)
is generated at most by elements.
Corollary 3.5 (Gabber). On an arbitrary representation by rings R of a quiver Q, there exists an infinite cardinal such that every quasi-coherent R-module M is the sum of its quasi-coherent R-submodules of type .
Proof. Let M be any quasi-coherent R-module and take an element x ∈ M. Then, by Proposition 3.3 we find a (pure) quasi-coherent R-submodule S x of M with |S x | and x ∈ S x . Thus M = x∈M S x .
As a consequence of this we have that the category of quasi-coherent R-modules is a Grothendieck category when R is flat, for if we take a set Z of representatives of quasi-coherent modules with cardinality bounded by , it is immediate that the single quasi-coherent R-module ⊕ S∈Z S generates the category of quasi-coherent Rmodules. So, in particular, the category of quasi-coherent sheaves over any scheme is a Grothendieck category. In fact it can be easily proved from Corollary 3.5 that each quasi-coherent R-module can be written as a continuous chain of pure quasi-coherent R-submodules of type .
Flat covers and cotorsion envelopes Theorem 4.1. Let Q be a quiver and let R be a flat representation of Q in the category of rings. Then the category of quasi-coherent R-modules C admits flat covers and cotorsion envelopes.
Proof. We will use [13, Theorem 2.1.14] the small object argument. Since C is a Grothendieck category, we first note every object of C is small (cf. 
with F flat and C cotorsion, i.e. C ∈ F ⊥ where F is the class of flat objects of C. Theorem 2.2.2 of [19] (whose argument is valid in any Grothendieck category) gives that M has an F ⊥ -envelope, i.e. a cotorsion envelope.
We now argue that M has an F-cover. LetM ⊆ M be the sum of images of morphisms F → M where F is flat. Then M has a flat cover if and only ifM does. But there is an epimorphism F →M with F flat. Let 0 → K → F →M → 0 be exact. By the previous discussion, factorizing the map K → 0, there is an exact sequence
with C cotorsion and H flat. Then using a pushout we get the commutative 0 0
with exact rows and columns. Then since F is closed under extensions we haveF ∈ F. SoF →M is a special F-precover (this argument is due to Salce). Then the proof of [8, Theorem 3.1] gives thatM, and so M, has a flat cover.
Corollary 4.2. If X is any scheme, the category Qco(X) admits flat covers and cotorsion envelopes.
Proof. Let M be a quasi-coherent sheaf over X. According to the results of Section 2 we have Qco(X) equivalent to the category of R-modules where our quiver is the quiver of all open affine subsets of X and where R comes from the structure sheaf O X . From the definition of the flat objects in the two categories we see that the equivalence functors (in both directions) preserve flatness. Then also since the functors are clearly additive and exact we get that the property of being cotorsion is also preserved (since cotorsion is defined in terms of the splitting of certain short exact sequences). So then thinking of M as a quasi-coherent R-module, M has a flat cover and a cotorsion envelope in the category of quasi-coherent R-modules. The equivalence then gives the desired flat cover and cotorsion envelope of M in Qco(X).
Relative homological algebra
We do not know whether flat covers are epimorphisms in the categories C of quasicoherent R-modules (as in Section 2) or even in Qco(X) for a scheme X (except for some special situations). However, whether this is the case or not, for every quasicoherent R-module N, we can form the complex
for n 2 be flat precovers in the category of quasi-coherent R-modules. Then the complex
is still unique up to homotopy (see Sections 8.1 and 8.2 of [10] ) so can be used to compute derived functors. And there is a version of the Horseshoe Lemma [10, Lemma 8.2.1] and so we get long exact sequences associated with certain short complexes.
There is another useful procedure for getting such long exact sequences. This procedure has been developed by Iacob in her work on generalized Tate cohomology [15] . This procedure is applicable in our situation and she has kindly given us permission to give a sketch of it.
Let R again be as in Section 2 (for some given Q) and let f : M → N be a morphism of quasi-coherent left R-modules. If F and G are the complexes we get from flat resolutions of M and N, respectively, we get a morphism : F → G which is unique up to homotopy. Then forming the mapping cone C( ) we get an exact sequence
(see [4, p. 36] ). We want to argue that this exact sequence depends only on the homotopy class of (of course, up to homotopy). If : F → G is another lifting of f and if s is a homotopy connecting and there is an obvious maps :
commutative. The morphisms is an isomorphism of complexes and in fact (s) −1 = (−s) where −s is considered a homotopy from to . Depending on the sign convention, s is given by a formula (y, x) → (y + s(x), x). Then there is the problem of showinḡ s : C( ) → C( ) as above is unique up to homotopy. If t is another such homotopy from to , we have the equation ds + sd = − and dt
] is a morphism of complexes. But an easy argument shows that since F and G come from flat resolutions, s − t is homotopic to 0. Letting u be such a homotopy, u can be used in a natural fashion to give a homotopy between our two maps C( ) → C( ). Then it only remains to note that the exact sequence
is independent of the particular flat resolution of M and N that are chosen. Varying one at the time it can be seen that this is the case. Since R-modules have cotorsion envelopes there is a procedure dual to that described above. So we get another way of computing derived functors. And even at the module level we get (in general) different derived functors.
One of the first questions of interest one might ask about flat covers in Qco(X) where X is a scheme concerns the associated global dimension. So saying this dimension is less than or equal to n would mean each module M has a flat resolution of the form 0 → F n → · · · → F 1 → F 0 → M → 0.
As is well known, Zariski showed that the local ring associated with a point of a variety is regular if and only if the point is not a singularity of the variety. But such a local ring is regular if and only if every module M has a flat resolution of the form
where n is the Krull dimension of the ring (see [17] ).
So having such a finite global dimension for Qco(X) should imply that X is nonsingular, at least in the classical case of a variety.
The techniques we have introduced to prove the existence of flat covers and cotorsion envelopes can possibly be used to prove the existence of other types of covers and envelopes that have geometric significance. The notion of a Gorenstein ring arose in Gorenstein's thesis where he studied certain nice singularities on a curve. Later in [2] Bass exhibited the homological significance of such a singularity. Then Auslander (in [1] ) introduced a beautiful theory concerning modules of G-dimension 0 and he proved a Gorenstein version of the Auslander-Buchsbaum-Serre formula. So now there is an active program of Gorenstein relative homological algebra including notions of Gorenstein projective, injective and flat modules. The program is especially effective over rings for which there is a dualizing complex of modules (see [5] ) and so it seems possible that there is such a program for the category Qco(X) when X has all singularities Gorenstein.
